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1 Introduction 



The statistical-mechanical origin of the Bekenstein-Hawking entropy [|l|, |J is one of 
the most intriguing problems of the black hole physics. There exist several promising 
approaches to this problem: string theory approach (see for a review Ref. 0), calculations 
of the entropy of some 3D black holes 0], 0, an explanation in the framework of the loop 
quantum gravity 0, a mechanism suggested in Sakharov's induced gravity ]7) and others. 
In the induced gravity approach P|-||10|| the Bekenstein-Hawking entropy is related to 
the statistical-mechanical entropy of heavy constituent fields which induce the Einstein 
theory in the low-energy limit. Gravitons in the induced gravity are analogous to phonon 



excitations in condensed matter systems [1 I 



A special class of induced gravity models was investigated in Refs. 0, [|10j. These 
models contain heavy spinors and scalar constituents propagating in an external gravita- 
tional field. The dynamics of the gravitational field arises as the result of quantum effects. 
The one-loop effective action for quantum constituents gives the low energy classical ac- 
tion for the Einstein gravity. The constructed models of induced gravity are free from the 
leading ultraviolet divergences. The induced Newton constant G is completely determined 
by the parameters of the constituents, and it is finite only if non-minimally coupled scalar 
fields are present. It was demonstrated that the Bekenstein-Hawking entropy S BH in the 
induced gravity can be written as 

S BH = A. = S SM -Q. (1.1) 

4Gr 

Here A is the surface area of the horizon, and S = — Tr(plnp) is the statistical- 
mechanical (or entanglement) entropy of the thermally excited (with thermal density 
matrix p) constituent fields propagating near the horizon. The quantity 

Q = E^/(^ 2 ) (1-2) 

s 

is the sum of contributions of the nonminimally coupled scalar fields <f) s . In this relation £ s 

- 2 

are parameters of nonminimal coupling and {<p s ) is the quantum average of the squares 
of the scalar operators on the bifurcation surface S. In these particular models the origin 
of Q is related to the nonminmimal couplings of the scalar fields. It was shown in [|I(| , Q 
can be interpreted as a Noether charge ]12|-[|T4| and it determines the difference between 
the energy of the fields and their canonical Hamiltonian. 

The subtraction in ( |1 . 1| ) is unavoidable for the following reasons. The contribution 
of each (Bose and Fermi) constituent field into S SM is positive and divergent. Thus, the 
entropy S is divergent, while black hole entropy S BH is finite. In formula (|1 . 1|) the 
divergence of S SM is exactly compensated by the divergence of the quantity Q. 

There is a more profound reason why the Noether charge Q appears in ( |1 . 1|) . The 
Bekenstein-Hawking entropy S BH determines the degeneracy of states of a black hole. It 
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was argued in |TI| that this degeneracy can be calculated by counting states of constituents 
with fixed total energy. On the other hand, the entropy S SM is directly related to the 
distribution over the levels of the Hamiltonian of constituent fields. The additional term 
Q is required to relate it to the distribution over the energy levels. 

In the present work we consider a wider class of induced gravity models which besides 
scalar and spinor constituents contains also massive vector fields. For briefness we call 
such models vector models. We demonstrate that the parameters of vector models can 
be chosen so that to exclude the leading ultraviolet divergences even if all scalar fields 
are minimally coupled. The remarkable fact is that the relation is still valid. The 
Noether charge Q in equation ( |1 . 1|) is related now to the "natural" coupling of vector 
fields with the curvature. The universality of the form of Eq. ( [[ . 1| ) seams to be quite 
general property of the induced gravity theories. 

The important property of a vector model is that its only free parameters are the 
masses of the fields, while the "nonminimal couplings" are fixed by the form of the action 
of the vector fields. As we will see, this property makes it possible a new interesting 
interpretation of the Bekenstein-Hawking entropy in induced gravity in terms of a two- 
dimensional quantum theory on S. Thus, the induced gravity models provide a simple 
realization of the holographic principle: the black hole entropy is encoded in "surface" 
degrees of freedom, i.e., in the degrees of freedom of the theory which propagate very close 



to the black hole horizon. The holographic principle was formulated in [15], [16] (see also 



recent paper and at the present moment it is actively discussed in the framework of 



the string theory [|i~8||- [f2l|| . 

The paper is organized as follows. In Section 2 we describe the models of induced 
gravity with vector fields. Section 3 is devoted to the derivation of Eq. (|1 . 1|) for these 
models. Special attention here is paid to the calculation of statistical-mechanical entropy 
of vector fields in the presence of the Killing horizon and to the properties of the Noether 
charge which is connected with nonminimal vector couplings. These results enable us to 
adopt the statistical-mechanical explanation of the Bekenstein-Hawking entropy given in 
Ref. |K| to more general class of induced gravity models. In Section 4 we establish the 



relation between the Bekenstein-Hawking entropy and the effective action of a 2D free 
massive quantum fields "living" on the bifurcation surface £ of the horizons. As we show 
this relation is satisfied for induced gravity obtained from a theory with partly broken 
super symmetry. Concluding remarks and a brief discussion of the holographic property of 
the black hole entropy in induced gravity theories are presented in Section 5. The relation 
between energy, Hamiltonian, and the Noether charge for massive vector fields is derived 
in Appendix. 



We use sign conventions of book [22 and, thus, we work with the signature ( — h ++) 
for the Lorentzian metric. 
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2 Induced gravity models with vector fields 



The vector modelQ consists of N s minimally coupled scalar fields fa with masses m S) j, 
spinors ipj with masses ra<y, and N v vector fields V k with masses m^fc. The classical 
actions of the fields are standard 



1 



dV 



h[Vk\ = ~J dV 



(2.1) 

(2.2) 
(2.3) 



where dV = y/^gd A x is the volume element of 4D space-time M. and F kfll/ 
V u Vk^,. The corresponding quantum effective action of the model is 



v„y* 



N s 



1=1 



N d N v 

+ T ( m d,j) + T ( m v,k) 
3=1 k=l 



(2.4) 



T is a functional of the metric g^ v of the background space-time. The scalar and spinor 
actions follow immediately from Eqs. ( [2.1|) and (|2.2j ), 



(2.5) 
(2.6) 



T s (m s>i ) = -logdet(-V 2 + my , 
^d{m d>j ) = - logdet(7 M V^ + m dJ ) . 



As a result of equation of motion, a massive vector field obeys the condition V M V^ = 0, 
which leaves only three independent components. Under quantization this condition can 
be realized as a constraint so that the effective action for vector fields takes the form 



TJm v 



i 



T v (m Vtk ) -T s (m Vtk ) , 
log det(-V^ + J£ + 



(2.7) 
(2.8) 



where is the Ricci tensor. The functional T v {m v ^) represents the effective action for 
a massive vector field which we will denote as A kj/J/ . The classical action for A k41 which 
results in (12.81) is 



Iv[A k 



-~ldV 



V* Affl pAkv + R^ v A k A u k + ml k A k A 



kfj, 



(2.9) 



The field A k obeys no constraints and carries an extra degree of freedom. The contribution 
of this unphysical degree of freedom in (|2.8Q is compensated by subtracting the action 
r a (Tn Vj k) of a scalar field with the mass m Vj k, see Eq. 
1 A similar model of induced gravity was discussed in 
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In general, the effective action ( |2.4j ) is ultraviolet divergent quantity. Let us discuss 
now the constraints which have to be imposed on the masses of the constituents to elim- 
inate the leading divergences in T. The divergences related to each particular field follow 
from the Schwinger-DeWitt representation 

r , = J* r ^ e - m ? s Tre- sA * , (2.10) 
2 Js s 

where rji — +1 for Bose fields and —1 for Fermi fields, and 5 is an ultraviolet cutoff. 
The divergences come from the lower integration limit where one can use the asymptotic 
expansion of the trace of the heat kernel operator of Aj 



(Airs 

For the fields under consideration we have 



Tre " SAl " 77^77 / rfy Ko + sa *,i + ■■■) • (2-11) 
47rs r J 



A s = -V% , a a , = l , a s>1 = ~R , (2.12) 

o 

A d = -(7 M V M ) 2 , a d , = 4 , a dt i = -^R , (2.13) 

(A v X = -V p V p 5Z + R£ , ^,0 = 4 , a Vtl = ~R . (2.14) 

As in the case of the model considered in Ref . |§ , we require vanishing of the cosmological 
constant and cancelation of the divergences of the induced Newton constant. These 
conditions can be written down with the help of the following two functions 

N s N d N v N s N d N v 

K*)=£<i-4£m£+3£r< fe , q(z) = £ m%+2 ^ £ m 2 v % .(2.15) 

i=l j=l k=l i=l j=l k=l 



As can be shown by using Eqs. (|2.4| ), ( p,10|) -( p.l4| ), the induced cosmological constant 
vanishes when 

p(0)=p(l)=p(2)=p'(2) = . (2.16) 
The induced Newton constant G is finite if 

g(0)=g(l) = . (2.17) 

The constraints result in simple relations 

N s N d N v 

N s = N d = N v , E<. = E<rE^ • (2-18) 

i=l 3=1 k=l 

They show that one cannot construct the theory with finite cosmological and Newton 
constants from vector and spinor fields only. 

The low-energy limit of the theory corresponds to the regime when the curvature 
radius L of the spacetime Ai is much greater than the Planck length rrip]. In this limit 
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the effective action T of the theory can be expanded in the curvature. The terms in 
this series are local and the leading terms can be calculated explicitly. In the linear in 
curvature approximation T coincides with the Einstein action 

T[g] ~ -J— (7 dVR + 2 [ dvK] . (2.19) 
16nG \Jm JdM ) 

Here dv is the volume element of dM.. The Newton constant is determined by the following 
expression 

N 



1 1 



1 

G I2n q ' {1) = 127 ? K * ln m ^ + 2m ^ lnm ^ - 3m ^ lnm 'J • ( 2 ' 2 °) 

2 = 1 



Here, according to ( 2.18|) , we put N = N s = = N v . From this expression it is 



easy to conclude that at least some of the constituents must be heavy and have mass 
comparable with the Planck mass mp\. For simplicity in what follows we assume that all 
the constituents are heavy. 



Let us analyze models where conditions ( |2.15| ) and ( 2.16|) are satisfied. Equations 



( [2.18 ) are trivially satisfied when all fields are in supersymmetric multiplets. However in 



such supersymmetric models p(z) = q(z) = (because masses of the fields in the same 
supermultiplet coincide) and the induced gravitational constant vanishes. A nontrivial 
induced gravity theory can be obtained if the supersymmetry is partly broken by splitting 
the masses of the fields in the supermultiplets. 

Let us demonstrate this by an example. Consider the model with N massive super- 
multiplets. Each multiplet consists of one scalar, one Dirac spinor and one vector field, 
so that the numbers of Bose and Fermi degrees of freedom coincide^. We suggest that 
masses of vector and spinor fields are equal, m v> i = = m ; (here i is the number of the 
multiplet). The masses of the scalar partners are assumed to be m S) j = (1 + Xi)m i) where 
Xi is a dimensionless coefficient. The case when \xi\ 1 corresponds to slightly broken 
supersymmetry. For this case 

N N 

p(z) = q{z) = m T [(i + x i) 2z - 1] - 2z Yl x i m f ■ ( 2 - 21 ) 

1=1 1=1 
Now equations ( |2.16|) , ([2.171) , an d ( |2.20|) take the simple form 



N N 

j2x im * = o , Y, x i m t = ° > ( 2 - 22 ) 
i=i i=i 



2 To induce the correct boundary term in (2.1£) one has to add to T an integral of averages of field 
operators on the spatial boundary dM 7 see ]27[. These terms are not relevant for our analysis. Let us 
emphasize that we are interested in the statistical-mechanical computation of the black hole entropy for 
which only the region near the horizon is important. 

3 Supersymmetric models with free massive scalar, spinor and vector fields are discussed, for instance, 
inRef. M 
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N 1 1 N 

Ximf In m 2 = , 7^ — — V^rn^nim^ . (2.23) 
i=i ' G 67r l= i 

This is a system of linear equations for Xi which for iV > 4 has nontrivial solutions. 

The induced gravity constraints provide cancelation of the leading ultraviolet diver- 
gences. However, some logarithmical divergences are still present on general backgrounds. 
On the Schwarzschild background the logarithmic divergences are pure topological and 
can be neglected. That is why in what follows we restrict the analysis to black holes of 
this typeP|. 



3 Statistical calculation of the black hole entropy 

Let us now calculate the statistical-mechanical entropy S SM in the vector models of 
induced gravity and compare it with the Bekenstein-Hawking entropy of a black hole. As 



a result of this comparison, we prove the validity of equation (|1.1| ) for these models. 

The canonical ensemble of constituent fields on a static, asymptotically flat background 
can be described by standard methods. The statistical-mechanical entropy of the fields is 
determined from the free energy 

roc (jri / \ 

F(P) = -p-HnTrexpi-P :H:) = 7]P~ l / dw— In ( 1 - r]e~ ptjJ ) . (3.1) 

Jo duj K ' 

Here (3 is the inverse temperature measured at infinity and : H : is the Hamiltonian of the 
system which is defined as the generator of canonical transformations along the Killing 
time. The factor 77 = 1 for bosons and r\ = — 1 for fermions, uj are the frequencies of 
single-particle excitations, dn/duj is the density of levels u>. 

When the background space-time is the exterior region of a black hole the single 
particle-spectra have a number of specific properties because of the presence of the Killing 
horizons |24]. In particular, the density of states dn/du infinitely grows near the horizon. 



Although this divergence has an infrared origin, regularizations of the ultraviolet type can 
be applied to make dnj du finite. For scalar and spinor fields on general static backgrounds 



the divergences of dn/du were computed in In the Pauli-Villars regularization the 
leading divergences for scalar and Dirac spinor fields of the mass m are 

dn s (m) _ b(m) ^ dn d (m) _ b(m) ^ ^ ^ 

du) 8n 2 K duj 2tx 2 k 

b{m) = c/2 2 — m 2 In ^— . (3.3) 

Here k = (4M) _1 is the surface gravity of the black hole, \i is the Pauli-Villars cutoff, and 
c = In |i > 0. 

256 



4 At least some of the logarithmic divergences can be eliminated in more complicated models, for 
instance in models which contain both vector and non-minimally coupled scalar fields. These models 
allow one to generalize the analysis of the black hole entropy problem in induced gravity to charged black 
holes. 
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Modes propagating in the vicinity of the horizon give the main contribution to the 
densities of levels. That is why the quantity dn/duo scales as the surface area A of the 
horizon. This also means that to get ( |3.2|) it is sufficient to restrict oneself by the Rindler 
approximation of the black hole metric 

ds 2 = -K 2 p 2 dt 2 + dp 2 + dz\ + dz\ . (3.4) 

Here p > 0, and t is the Rindler time coordinate. In this approximation the densities 



of levels for high spin fields can be computed by using expression ( |3.2| ) for scalars and 
spinors. 

Let us consider a massive vector field in the Minkowski spacetime. We denote by 
X m (m = 0, ... ,4) the Cartesian coordinates in this space and by V m = (Vq, V a ), a = 
1, 2, 3, the components of the vector field with respect to the Cartesian frame. Then the 
equations of motion which extremize vector field action (|2.3|) are simply a set of Klein- 
Gordon equations for four "scalars" V m plus the additional constraint d m V m = 0. The 
constraint serves to express the time-component Vq in terms of other components V a . The 
contribution of this component to the energy is negative and Vq cannot be considered as an 
independent physical degree of freedom. The density of levels of the vector field dn v /duo 
multiplied by duj is the number of independent solutions V m (t,p,z) = e~ lu}t V m (p, z) of 
the field equations with the frequencies in the interval (u,u + duo). The solutions are 
determined by three independent functions V a . Therefore, in the Rindler approximation 
dn v /duj is greater by the factor 3 than the density of levels of a scalar field of the same 
mass m. From ( |3.2|) we find 

dn v (m) _ ^ dn s (m) _ 3b(m) ^ ^ 
duo duo 8tt 2 k, 

The curvature corrections may change this relation but they are not important for further 
analysis. 

The statistical-mechanical entropy 

of scalar, spinor and vector fields follows from Eqs. (|3.1|) , (|3.2|) and ( |3.5| ) 

S s {m Sji ) = — - — A , S d {m d:i ) = — — A , S v (m v>i ) = — — A . (3.7) 

487T 487T 487T 



Expressions (3/?) are obtained from formula ( |3.6|) at the Hawking temperature, i.e., at 
(3 = 2tt/k = 8irM. The statistical-mechanical entropy of the constituents in the induced 
gravity model is 

N 

s sm = ^2 [S s {m Sji ) + S d {m d)i ) + S v {m Vji )\ . (3.8) 
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By substituting ( |3.7| ) into ( |3.8|) and taking into account ( |3.3| ), ( |2.18| ) we get 



1 N 

s SM = ^ [ m li ln m li + 2m h ln m h + 3m li ln m li A 



i 



N 

cNfi 2 — ln jjL 2 ^2 vr? v i 
i=i 



.4 . (3.9) 



Let us now calculate the Noether charge Q for our model. It is instructive to discuss 
first the entropy of a black hole in a classical theory. According to Wald et al. [12]-[H], 



the black hole entropy can be interpreted as a Noether charge and obtained from the 
Lagrangian L of the theory. For theories which do not include the derivatives of the 
metric higher than second order the entropy can be written in the form 

dL 



S = -8tt / t^n v t x n p — da , (3.10) 

where Rp V xp is the Riemann tensor. The integration in ( |3.10| ) goes over the bifurcation 
surface £ of the horizon, da is the volume element of £ (/ s da = A). Vectors t M and 
are two mutually orthogonal vectors normal to S such that t 2 = — 1 and n 2 = 1. 

For the Einstein theory equation ( |3.10| ) reproduces the Bekenstein-Hawking formula 
for the black hole entropy. The important consequence of ( |3.10| ) is that coupling of the 



matter fields with the curvature gives a nonzero contribution AS* to the Bekenstein- 
Hawking entropy. In quantum theory AS* becomes an average of the corresponding field 
operator on S. 

Let us now consider the vector model of induced gravity. According to ( |2.4j ) the 
effective action of the theory can be written as a path integral 

expiT\g] = J[DQ]exp(H\9M , (3.11) 

N 

I[g, = £ (l s [(f>i) + IdN + UM + Is&i}) , (3.12) 



i=i 



where $ = ipi, A i} <pi}. The functional J s , Id, and I v are defined by Eqs. (|2.1|) , 
( |2.2|) , and ( |2.9|) , respectively. The origin of the scalar fields <pi in (|3.11|) is related to 
the quantization of the massive vector fields Ai. It is assumed that tpi obey the "wrong" 
(Fermi) statistics in order to reproduce Eq. ( j2.7|) . As follows from (|2.9p , the total "classical 
action" I[g, includes the nonminimal couplings of the vector fields A+. By using formula 
( p,10|) in the theory with the action I V [A] one obtains the nonzero term 

AS = -8tt / t u n v t x n p - — —da = n / (tH v - n^n u )A,A u da , (3.13) 
Js p oR^xp 

where we put I V [A] = J L v dV. In the induced gravity such terms result in a correction 
to the entropy of a black hole. In the first order in the Planck constant this correction 
simply is 

r N . . 

AS = n (tH v - n»n v ) ^2(A ifl A iu )da = -Q . (3.14) 
• /s i=i 
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Here the average (A ifl A iu ) is understood as a regularized quantity. The quantity Q has a 
meaning of Wald's Noether charge associated with nonminimal interaction terms of the 
vector field. The sign minus in the r.h.s. of ( [3.14 ) is chosen so that Q be positive. 

By using the Pauli-Villars regularization one finds that in the Rindler approximation 



K m v,i) 
167T 2 



(3.15) 



where r/^ is the Minkowski metric and function b(m v ^) is defined by (3^3). Equation 
( |3.15| ) gives 



1 TV i / N N \ 

Q = T E Krm)A = - ciV/i 2 - ln/i 2 £ ™% + J>£ i Inm*, A . 

° n i=l ° n \ i=l i=l / 



(3.16) 



This result allows one to show that the total Bekenstein-Hawking entropy S in 



induced gravity is the difference of statistical-mechanical entropy S , see Eq. fl3.9|), and 
the Noether charge Q. As can be easily seen, the divergences 

QiS SM 

are exactly canceled 
by the divergences of the charge Q, so that one gets the finite expression 



1 N 

S SM - Q = ^ E [<i + 2ml ^ m li 



3m v Mm i 



A AG 



S BH . (3.17) 



This expression coincides exactly with the Bekenstein-Hawking entropy in induced gravity 
where the induced Newton constant is determined by formula (|2.20|). 



As was argued in Ref. [HJ, the statistical- mechanical reason why the Noether charge 
appears in ( 3.171 ) is related to the fact that the canonical Hamiltonian H and the energy 
E of the system are different. H defines free energy ( |3.1|) and entropy S SAI while the 
energy E is connected with the spectrum of the mass of the black hole. In Appendix we 
show that for the vector model 



H 



E = ^ Q 

Z7T 



(3.18) 



This is the same relation which was found in JTO] for the induced gravity model with 
non-minimally coupled scalar fields. Relation ( |3.18| ) can be used to provide the statistical- 
mechanical interpretation of the subtraction of the charge Q in the black hole entropy 
formula ( |3.17| ). This interpretation repeats the one already given in [IC]: the subtraction 
of Q is needed in order to pass from the distribution over the energy in canonical ensemble 
of constituent fields to the distribution over the black hole mass in the black hole canonical 
ensemble which determines S BH . 



4 Black hole entropy and 2D quantum theory on E 



Our aim now is to relate the Bekenstein-Hawking entropy S BH , Eq. ( 3.171) , to a 2D 



quantum theory of free massive fields "living" on the bifurcation surface S of the horizon. 



10 



To this aim it is instructive to represent expression ( p. 17] ) in another equivalent form. 
First, let us note that in the Rindler approximation the regularized correlators of the 
scalar, spinor and vector fields of the mass m have the simple form 

b(m) 



4 > 



16tt 2 



In the Pauli-Villars regularization the function b is defined by (|3 
and (flip we easily find that 



S 



BH 



6 



N 



E J** 



]) + —(Mi) - 2(Vf> 



(4.1) 

From Eqs. (|3.17|) 



(4.2) 



One can check that the divergences in correlators in (|4.2| ) are canceled because of induced 
gravity constraint q(l) = 0, see Eqs. ( |2.15|) and (|2.17|) . Since the surface £ of bifurcation 
of horizons is a set of fixed points of the Killing vector, only zero-frequency ( "soft" ) modes 



contribute to the correlators on E (for a detailed discussion of this point, see |L0 



As was shown in |L(J , the correlator of scalar fields taken on the bifurcation surface of 
the Killing horizons behaves effectively as a two-dimensional operator. Namely, if z and 
z' are the coordinates of the points x and x' on E, see (|3.4| ), then 



(4.3) 



(<f>(x(z))<Kx(z'))) = -—(z\hxOv\z') 

47T 



Oy 



•Vy + m 2 



where — V| is the Laplacian on E. The left and right parts of 
in the same regularization. It should be emphasized that 
Rindler spaceQ. For r.h.s. of ( f4.3|) we find that 



(4.4) 

1|) should be calculated 
is exact relation for the 



If 1 1 

— / (z\lnO E \z) da = In det(-V| + m 2 ) = W s (m) . 

All JS 47T ^ 2tt 



(4.5) 



The functional W s (m) has the meaning of the effective action of a 2D quantum field x 
given on E. It can be expressed in terms of the Euclidean path integral as 



-W s (m) 



D[x]exp 



4/ s ((Vsx) 2 + mY)^ 



(4.6) 



where D[x) is a covariant measure. In Ref. [ 10 1 a two-dimensional auxiliary field x "living" 
on the bifurcation surface E was called a flucton field to distinguish it from the 4D fields 
in the black hole exterior. From ( |4.3| ) and (|4.5|) one obtains 



da( 



l 2 (x(z))) = -^-W s {m) 
Lix 



(4.7) 



5 It can be generalized to curved backgrounds with a Killing horizon. In general case the operator Os for 
very massive fields can be found by comparing Schwinger-DeWitt asymptotics of four and two dimensional 
operators, see for the details [0. The key property which allows two dimensional interpretation of 4D 
correlators on E is that S is a geodesic surface. That is, any 4D geodesic which begins and ends on E 
coincides with 2D geodesic on E. 
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It follows from fl4.2| ) and (|4.7| ) that the contribution of scalar fields to the black hole 
entropy S BH can be interpreted in terms of 2D quantum theory of fluctons on E. 

We now find an analogous representation for the contribution to S BH from spinor 
and vector fields. The correlators of these fields in the coinciding points are tensors in 
the certain representations of the Lorentz group. Different parts of these tensors have 
different two-dimensional interpretation. We begin with the correlator ( f4.8|) of vector 
fields restricted on E 

(%{x{z))V v {x{z'))) = (A^x{z))A v {x{z'))) + m- 2 W ,V u ^{x{zmx{z'))) , (4.8) 

where (p is a scalar field of the same mass as V^. Let us consider the components of 
tensor quantities in the Minkowski coordinates X m . With respect to the coordinate 
transformations on E, components of a tensor with indices and 3 behave as scalars 
while components with indices 1 and 2 transform as vectors on E. By using arguments 
of Ref. JTIJ one can express the correlator (A^A U ) with /i, v = 1, 2 in terms of the 2D 



vector Laplacian on E. Analogously, components of the correlator with /i, v = 0, 3 can be 
represented in terms of the 2D scalar Laplacian. Thus, we find that 

da{A\x{z))A 1 {x{z)) + A 2 (x(z))A 2 (x(z))) = -^-W v (m) , (4.9) 

da(A°(x(z))A (x(z)) + A 3 (x(z))A 3 (x(z))) = -2±-W,(m) . (4.10) 
s 2tt 

W s is the effective action of a scalar field on E and W v (m) is the effective action of a 
vector field on E with the same mass m as that of 4D field 

^(m) = ilogdet((-V| + ^ s + m 2 )^) . (4.11) 

Here A, B = 1,2 and i?s is the curvature of E which can be neglected in the Rindler 
approximation. It follows from fl4.8|) -( 4~To|) that 



da{V»{x(z))%{x{z))) 



da(A»{x{z))A^x(z)) - 0{x{z))ip{x{z))) = - + 2W s (m)) , (4.12) 

W v {m) = W v (m) - W s (m) . (4.13) 
The functional W v (m) corresponds to the quantization of the massive 2D vector field 



described by the classical action analogous to 4D action 

Similar relations can be obtained for spinor fields. One 4D Dirac spinor corresponds 
to two 2D Dirac spinors on E. One easily finds that 

— * m 

da(<iP(x(z))iP(x(z))) = —W d (m) , (4.14) 

S 7T 
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where Wd(m) is the effective action of 2D spinors on £ with mass m. 



By using equations (|4.7|) , ( |4 . 1 2| ) and ( |4.14| ) in expression ( f4.2| ) for the Bekenstein- 



Hawking entropy in induced gravity we find 
1 N 

S = a E [-W s (m s>i ) + W d (m d , t ) + W v (m Vtl ) + 2W s (m Vji )} . (4.15) 

This form of the entropy looks similar to the effective action of a two dimensional quantum 
field model on the surface E. To make this similarity more evident let us consider the 
concrete induced gravity model with partially broken supersymmetry which was discussed 
in Section 2. In this model the masses of vector and spinor fields coincide, m Vi i = rrid,i = 
rrii. As a result, W v (m) = W s {m) = — |W d (m) and Eq. ( [4.1 5| ) takes the form 



1 N 1 

s BH = --E[2^K,) + ^K)]^--r( 2 ) . (4.16) 

The quantity r*- 2 -' is the effective action of a 2D model which consists of N spinor fields 
with masses and 2N scalar fields with masses m Sj j. 

In fact, we have 2D induced gravity on S. The condition that the 4D curvature is 
small compared to the masses of the fields guarantees that the two-dimensional curvature 
of S is small as well. So the 2D effective action I^ 2 ) can be computed as an expansion in 
curvature. The leading term in this expansion is the cosmological constant term 

r (2)[ 7 ] ~ d 2 x A . (4.17) 

Here A is the "induced" 2D cosmological constant which is expressed in terms of induced 
4D Newton constant ( p.20| ) as A = —3/G. The constraints which provide the ultraviolet 
finiteness of 4D Newton constant, see Eqs. fl2.17j ), automatically guarantee the finiteness 
of 2D cosmological constant. 

The 2D model described by functional r^ 2 ^ can be obtained from the supersymmetric 
model with iV multiplets consisting of a spinor and 2 scalar fields. The split of the 
masses of spinor and scalar fields breaks the supersymmetry and yields nonvanishing 2D 
cosmological constant. 

Of course, the suggested connection between 4D and 2D theories is not unique, and 
one may expect that in general the coefficient in r.h.s. of Q4.16j ) can be another rational 
number. Let us emphasize that the considered models of induced gravity are phenomeno- 
logical and admit a large arbitrariness in the choice of masses of the constituent fields. 
One may hope that if the induced gravity is obtained from an underlying fundamental 
theory the masses of the fields will be fixed by some principle which will determine the 
coefficient in ( |4 . 1 6| ) . 



A remark is also in order about two-dimensional interpretation of the Noether charge 
Q. By taking into account Eq. ( |3.16j ) it is easy to show that in the Rindler approximation 

Q = -Ew*K.i) • ( 4 - 18 ) 
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This relation holds in any induced gravity model with vector fields and does not require 
additional conditions on the masses of the constituent fields. It enables one to relate Q 
to a quantum theory of 2D vector fields on E. 

5 Discussion 

To summarize, we consider a class of induced gravity models where the low energy gravi- 
tational field is generated by quantum one-loop effects in a system of heavy constituents. 
The vector models presented here consist of massive scalar, spinor, and vector constituent 
fields, and do not require non-minimal couplings of the scalar constituents. We demon- 
strated that the general mechanism of the entropy generation in the induced gravity 
proposed in Ref. [[10] does work, and the Bekenstein-Hawking entropy can be derived by 
statistical-mechanical counting the energy states of heavy constituents. 

It was further demonstrated that the expression for the Bekenstein-Hawking entropy in 
the induced gravity can be identically rewritten in terms of fluctuations of the constituent 
fields at the event horizon. The latter are determined only by zero-frequency ("soft") 
solutions of the corresponding field equations. These "soft" modes are uniquely defined 
by their asymptotics at the bifurcation sphere of horizons E. Using this property, it 
was explicitly demonstrated that the fluctuations of the constituent fields at the horizon 
coincide with the effective action of two-dimensional (flucton) fields on E. This mechanism 
is somewhat similar to the idea of the holography HT^-pIf. We hope to discuss this 
relation in more details somewhere else. 

As a result of the two-dimensional reduction, the Bekenstein-Hawking entropy appears 
to be equal to |A|^4/12, where A is the 2D cosmological constant induced on the surface of 
the horizon by 2D flucton fields. This implies that the degrees of freedom responsible for 
the black hole entropy in the induced gravity can be related to surface degrees of freedom 
of the black hole horizon. Such conclusion is supported by the observation that since the 
masses of the constituents are very high (of order of Planckian mass) the fluctuations of 
the constituent fields near the horizon can be directly connected with the fluctuations of 
the 2D geometry of the horizon. This might bring connection with the well-known results 
of statistical computations of black hole entropy of 3D black holes 3 , || . 

It should be emphasized once again, that the induced gravity approach does not pre- 
tend to explain the black hole entropy from the first principles of the fundamental theory 
of quantum gravity (such as the string theory) but it allows one to demonstrate the univer- 
sality of the entropy and its independence of the concrete details of such theory. It gives us 
a hint that only a few quite general properties of the fundamental theory (such as the low 
energy gravity as induced phenomenon, finiteness of the low energy coupling constants, 
holography, and so on) are really required for the statistical-mechanical explanation of 
the black hole entropy. 
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A Energy, Hamiltonian, and Noether Charge for Vec- 
tor Fields 



Here we consider the relation between the energy and the Hamiltonian for vector model 
and prove Eq. ( |3.18| ). Let us remind that the classical energy E of a field $ in a 3D 
region B is defined by the stress-energy tensor 

2 8I[§ \ 

where da v is the future directed vector of the volume element on B, is the time-like 
Killing vector, and /[$] is the classical action of The canonical energy is 



E = [ T^da v , = , (A.r 

Jb m m ^/ = o Sal" 



H L (SS^* ~ C*W) da» , (A.2) 



where is the Lie derivative along and is the Lagrangian of the field (/[$] = 

JdVL(Q)). 

In the quantum theory we are dealing with quantum averages of the energy and the 
canonical energy. For the theory under consideration ( f3.ll ) one has 

N 

E = J2( E s,i + E d ,i + E v>i - E'J , (A.3) 
i=i 

N 

H = Y,(H s , t + H d ,i + H %i - H'J . (A.4) 

i=i 

In these relations the average C of C is 

C = e~ ir[9] J [£>$]C[$, g}e iI[9 '* ] , (A.5) 

and Ei and Hi are the energy and the canonical energy of each of the fields which enter 
total action ( |3.12| ). The quantities E v>i , H vi and E' si , H' si correspond to the fields Af 
and <fi, respectively. These fields appear under quantization of the vector constituents 
V/ 1 . The minus sign by E' si and H' si is the result of the "wrong" statistics of the fields 

It can be easily shown that the energy and the canonical energy coincide if the action 
/ does not contain the terms with curvature. The only fields which explicitly contain the 
curvature term are vector fields A 1 *. For this reason one has 

N - 

H-E = J2{H v ,i-E v ,i). (A.6) 

i=i 



6 This result can be obtained directly if one starts with the expression for the energy and canonical 
energy for a vector field V^, rewrite them in the point-splitted form, and takes into account that 

(%(x)V„(x')) = {A^{x)A y {x')) + m- 2 V^' v {ip(x)0(x')) . 



16 



Let us discuss first the difference between the energy E v and the Hamiltonian H v of a 
classical vector field described by action I V [A], see Eq. ( |2.9| ). E v and H v are obtained 
from I V [A] by formulas (|A.l ) and ( |A.2| ). The difference between these quantities appears 
because of the variation over the metric of the curvature coupling term in I V [A] so one 
has 

dL v dL n , 



H v -E v = 2 dcCVpVc 



dR 



+ 



■fiapu 



dR 



(A.7) 



vapp , 



In the Rindler approximation the integral can be transformed to the total divergence 



H n) — E„ 



da u V p 



<p;a + C^V.) 



dU 



+ 



dL, 



s dRpapu dRuopp, / 



(A.? 



When the region B is the region of the black hole exterior, the black hole horizon is one 
of its boundaries. Then the integral in r.h.s of (|A.8 ) is reduced to the two terms: one 
term comes from the spatial boundary of B and another one from the bifurcation surface 
S. The terms on the spatial boundary can be eliminated by the proper choice of the 
boundary conditions. However, the term on E cannot be eliminated. By taking into 
account that (p = and (p ;a = n(tpn a — t a rip) on S one obtains from (|A.8|) 



H v - E v = 4k / tpn v t x n 



dR 



-da 



■puXp 



(A.9) 



By summing over all the vector fields A^ which enter the model, using ( A.6|) , and com- 
paring this with Eqs. ( |3.13|) and (|3.14j ) we see that for the vector induced gravity model 



H-E = — Q 

lix 



(A.IO) 



where Q is the Noether charge. To obtain from (|A.10|) the result in the quantum theory 
one has to replace the quantities in this formula by the corresponding quantum averages. 



17 



References 

[1] S.W. Hawking, Comm. Math. Phys. 43 (1975) 199. 

[2] J.D. Bekenstein, Nuov. Cim. Lett. 4 (1972) 737; Phys. Rev. D7 (1973) 2333. 

[3] A.W. Peet, The Bekenstein Formula and String Theory (N-Brane) Theory, hep- 



th/9712253 . 



[4] S. Carlip, Phys. Rev. D51 (1995) 632. 

[5] A. Strominger, Black Hole Entropy from Near Horizon Microstates, |hep-th/9712251 



[6] A. Ashtekar, J. Baez, A. Corichi, K. Krasnov, Quantum Geometry and Black Hole 
Entropy, |gr-qc/9710007 . 



[7] A.D. Sakharov, Sov. Phys. Doklady, 12 (1968) 1040, Theor. Math. Phys. 23 (1976) 
435. 



T. Jacobson, Black Hole Entropy and Induced Gravity, preprint |gr-qc/9404039 



[9] V.P Frolov, D.V. Fursaev, and A.I. Zelnikov, Nucl. Phys. B486 (1997) 339. 

[10] V.P. Frolov and D.V. Fursaev, Phys. Rev. D56 (1997) 2212. 

[11] G.E. Volovik, Induced Gravity in Superfluid 3 He, |cond-mat /98060 10 . 

[12] R.M. Wald, Phys. Rev. D48 (1993) R3427. 

[13] V. Iyer and R.M. Wald, Phys. Rev. D50 (1994) 846 

[14] T.A. Jacobson, G. Kang, and R.C. Myers, Phys. Rev. D49 (1994) 6587. 

[15] G. 't Hooft, Dimensional Reduction in Quantum Gravity, Essay dedicated to Abdus 
Salam, published in Salamfest 1993, p. 284, |g;r-qc/9310026| . 



[16] L. Susskind, The World as a Hologram, |iep-th/9409089 



[17] G. 't Hooft, Transplanckian Particles and the Quantization of Time, |g;r-qc/9805079 



[18] J. Maldacena, The Large N limit of Super conformal Field Theories and Supergravity, 



hep-th/ 971 1200 



[19] S.S. Gubster, I.R. Klebanov, and A.M. Polyakov, Gauge Theory Correlators from 
Non- Critical String Theory, |hep-th/9802109| . 



[20] E. Witten, Anti De Sitter Space and Holography, |hep-th/9802150 



18 



[21] L. Susskind and E. Witten, The Holographic Bound in Anti-de Sitter Space, |hcp- 
th/9805TTl 



[22] C.W. Misner, K.S. Thorne, and J. A. Wheeler, Gravitation, San Francisco: Freeman, 
1973. 

A. Zelnikov, Density Matrix and Entropy of Black Holes in Induced Gravity, in 
Proceedings of 7th Canadian Conference on General Relativity and Relativistic 
Astrophysics, Calgary, June 5-7, 1997. 



[24] V.P. Frolov and D.V. Fursaev, Thermal Fields, Entropy, and Black Holes, |hep- 



th/9802010| ; to appear in Classical and Quantum Gravity. 



[25] D.V. Fursaev, Euclidean and Canonical Formulations of Statistical Mechanics in 
the presence of Killing Horizons, |hep-th/ 97092 13| , to appear in Nucl. Phys. 



[26] V. Frolov and I. Novikov, Phys. Rev. D48 (1993) 4545. 

[27] A.D. Barvinsky and S.N. Solodukhin, Nucl. Phys. B479 (1996) 305. 

[28] J.T. Lopuszanski and M. Wolf, Nucl. Phys. B184 (1981) 133. 



19 



